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LXXXVI. The Metric of Space and Mass Deficiency. 

By A. M. Mosharrafa, Ph.D., D.Sc., 

Professor of Applied Mathematics in the Fuad I. University, Cairo*. 

[Received January 8, 1946.] 

§ 1 . Introduction and Aim. 

In the theory of relativity the invariant quadratic differential form 

g MP dx> 1 dx v ; /x, v= 1, 2, 3, 4, (1): 

defines the metric of space-time. The physical interval between two 
infinitesimally close events at a point is thus made to depend on the 
fundamental tensor which defines the gravitational field at the point,, 
but is quite independent of the electromagnetic field. The theory leads 
to the world-line of a gravitational particle as a geodesic, but fails to 
obtain the world-line of a charged particle as a geodesic. Attempts have 
been made at a unified field theory, notably by Weyl (l> , who introduces 
a “ gauge ” factor in the metric, and by Kaluza (2) , on the basis of a five- 
dimensional geometry. The aim of the present paper is to show' that, 
by using a slightly generalized form of the Riemannian metric, it is 
possible to reduce the world-line of a charged particle to a geodesic ; 
and furthermore, to show that this new theory provides a quantitative 
explanation of the phenomenon of mass deficiency (sometimes described 
as the “ packing ” effect) and a basis for measuring nuclear fields. 

§ 2. Introduction of a Neiv Metric and Equations of a Geodesic. 

If we write the equation of the Riemannian metric, defining the element 
of length ds, in the form 

f/ p „ dx ? dx v — ds 2 ~ 0, 


Communicated by the Author. 
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we observe that the left-hand side is of a general homogeneous form in the 
four differentials dx', dx 2 , dx 3 and dx i , but not in the five differentials 
dx', dx 2 , dx 3 , dx 4 and ds taken together. This suggests a generalization 
by the addition of terms in dx"ds. We accordingly adopt a metric given by 


dx 11 dx' , -\ 2f ft dx' 1 ds—ds 2 = 0 (2) 

There is no loss of generality in leaving the coefficient of ds 2 equal to 
— 1 , since this coefficient must be an invariant, and hence we can divide 
by it and include it in the coefficients of the other terms. The metric 
now contains the tensor g MV and the covariant vector^. We proceed to 
obtain the equations of a geodesic. We have from (2), operating with 
§ by the usual method of variation, 


dx 1 * dx v dx 11 b{dx' , )+g IJLV dx v 8(dx t ‘)+2dx* ds S/j, 

+ 24 ds 8 (dx »)+ 24 dx » 8 (ds) -2ds8(ds)=0. 

... w [ w ,f] - {%%%„+, 

+2 I?&>'+ 2/ 4 m }*' 

The condition for a geodesic, 


(3) 


now gives 


if J 

r r dx " dx" dg^ , 0 ds df~ 
|_ ds ds dx a dx >• £x°_ 

^S+^+ 2 /.]>>l 

2 J 1 


j 

ds= 0, 

J 1 

L 


or, on integrating by parts, using the formula 


J udv __ uv _ j _|_ J 

and discarding the integrated part, since 8x a vanishes at the two limits, 
we have 


faD 

dx " dx” 1 

J >-/,£ j 

1 -/„§* 

ds 


J (>-/£)■ 


3F2 
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— +a — 4-2fl 
l( ds ds Bx° ^ ds dx° ds [_ y *- (Is ds ^ Ja j 






>fD' 


-s 




and since Sa:” is arbitrary, the integrand must vanish, giving 
dx^dx" cg tl dx^dff, dT dx** dx? "I 
1 ds ds dx” ds dx° ds ds ds ~°J 
* 

ds 


Sx a ds = 0 ; 



The numerator of the first fraction on the left-hand side of equation (4) 
equals 

\dx>‘dx v dg tl , dx^df^ 1 d 2 x' x 1 dV 

2 ds ds dx a ' ds 3a^ ds 2 2^" ds 2 


1 da?* dp,", dx v 1 dx v dg ar dx l ‘ df r da* 

2 ds dx” ds 2 ds dx<* ds dx* ds 


1 dx^dx" /dg^ dg flr dg„A l d 2 a. 6 

2 ds ds \dx° dx" dx' 1 ) 2 ^ ds - 

1 d-x* dx* / df a 3/A 
~2 U lF~ls\lh*~ Hx?) 

(since e is a dummy suffix) 


_ drx* dx^dx” dx* /df a 3/A 

9a * ds 2 fXV ’ ° ds ds ds \3* 6 3ce°/ ’ 

which on multiplying by g arx and changing all signs becomes 


dV* 
ds 2 + 


dx^dx" 
ds ds 


, , , ^Jdfo df*\dx* 

{pv,a — — . 


• • (A) 


where [pv, <r] and {/jlv, a} are Christoffel three-index symbols of the first 
and second kinds respectively. Similarly the numerator of the second 
fraction on the left-hand side of equation (4) may be written 


1 /dx* dx* \ d / da?*\ / dx* \d( dx\ 

"2 g ”\lTs +9 “l^ +2f °)ds{ f ‘‘lte)--{ g ^ +f °)ds{ f ^^ 
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which when multiplied by — g ax becomes 

/dx« J\d /, dx>*\ 

{■s+naV-Ti) (B) 

Combining (A) and (B) with their respective denominators, we finally 
have as the equations of a geodesic : 


dh? 
ds a 




i-jiz. 

ds 



( 5 ) 


§ 3. Equations of Motion of a Charged Particle. 

We now consider the approximate equations of a geodesic by neglecting 
the second fraction on the left-hand side of equation (5). We have 


dh« 

cts- 


dx^dx” 

h T, (&■ 


dx a ) ds 


= 0 . 


• • m 


Or, if wo set 


where k a is the four-vector combining the vector potential < 3) (F, G, H) and 
the scalar potential <f>, so that 


kA— (F, G, H, <f>) in Galilean coordinates, .... (8) 


we have 


dx e dx a 0 


( 9 > 


where F os is the electromagnetic force tensor. Equation (6) may now be 
written 


ds- 


dx' 1 dx v , , e d: i € 


or 


d-x a dx>‘ dx v e dx 6 

ds~ ds ds X ^ m 0 c 2 6 ds ’ 


(10) 


which represents the equations of motion (4) of a charged particle of 
charge e and mass m 0 when the radiation terms are neglected. We 
reserve a discussion of the radiation terms, represented by the second 
fraction on the left-hand side of (5), for another occasion. 


§ 4. Nature of the New Metric, Magnitude of a Vector and 
Angle between Two Vectors. 

Let l" be a contravariant vector, the magnitude l of the vector in 
Riemannian geometry is determined by 
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so that l has two equal and opposite values. Assuming these to be real, 
the negative value is discarded and thus 

1 = Vg^ZV. 

We follow a similar procedure with the new metric. The magnitude 
l, assumed to be real, of a contravariant vector P is now the positive 
root of the equation 

g pr n v +2f II m-i i =o, (ii) 

so that 


Z=Vg^+(//T+// (12) 

Equation (12) may be written 


z=vVv*+(/%) 2 +/%> ( 13 ) 

so that l is also the magnitude of the associated covariant vector l M . We 
observe that if 1=0, then we have from (11) 

gjj=0 (for a null vector), (14) 

which is the same as in Riemennian geometry. Similarly, if we put 
ds = 0 in equation (2), we have 

g l , r dx l ‘dxf=0 (for ds=0), (15) 


so that the path of a ray of light remains the same as in Einstein’s theory. 
Let l * and Z" be two contravariant vectors ; to define the angle 9 between 
them two different lines of procedure suggest themselves. Either we 
write 


cos 

or we solve the equation 


qjrv 9 

IV 


Ir+l’" 


(16.1) 


gjv 

w 


+ % 1W Vcos9- 


(16.2) 


for V cos 9 and discard the negative value, so that 

• • «"■*> 

The latter alternative leaves the condition for perpendicularity of two 
vectors the same as in Riemannian geometry. Thus 


gJH'^O (for two orthogonal non-null vectors). . . (18.2) 


§ 5. Mass of a Particle, Dependence of Mass on the Potential Energy 
of the Particle. 

If in equation (2) we adopt Galilean values for the tensor g /lv and use 
Galilean coordinates (x, y, z, t), we have, using (7) and (8), 
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iS-W 1 -S + ^(^ 5± ^' + ^^ ± r ±5 )' 

■ • (19) 


where a is the velocity. So that if the mass m is defined by the relation 


m cdt 
rn 0 ds 


( 20 ) 


and we assume m to be positive, we have 



Wo 

Fa:-f Gy+Hz \ a e 

c / ' m 0 c - 


If 


are small, we have, to the first order, 


.... ( 21 ) 


»n— m 0 (l — ~~ 2 ) ( 22 ) 

This offers an explanation of the deficiencies in the masses of atomic 
nuclei known as the “ packing ” effect. It also provides a quantitative 
measure of nuclear fields. 


§ 6. Application to Nuclear Fields. 

Consider a nucleus containing Z protons and (A— Z) neutrons, so that 
Z is the atomic number and A the mass number. If M is the atomic 
weight of the nucleus on the physical 16 0 scale, we have 


where M„ and M p 
respectively, and 


M=M tt (A— ZJ+M^Zfl— &), 
are the atomic weights of a neutron and a proton 


fc= 


e<t> 

m 0 c- ’ 


(23) 


m 0 being now the free rest mass of a proton. Taking < 5 > for M„ the value 
1-00893, and < 6 > for M p the value 1-00813, we have 

M — A=-00893A— -00080Z— 1-00813Z& (24) 


The following table gives the values of k calculated from equation (24), 
using determinations of M given by Livingston and Bethe< 7 ) and by 
G. Gamow (8) based on mass spectrograph measurements by Aston (8) , by 
Bainbridge and Jordan (10) and by Mattaucli O 1 ) and correlated with the 
data accruing from nuclear reactions to secure “ best ” values : — 
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Nucleus 

A 

Z 

M-A 

Authors 

k 

<j> in 

millions 
of volts 

io- 13 

2 H 

2 

1 

0014 73 

L.B. 

0 002 31 

2-168 

0-664 

3 H 

3 

1 

0-017 10 

G. 

0-008 82 

8-273 

0-174 

3 HI 

3 

2 

0-017 10 

G. 

0-00401 

3-764 

0-765 

4 H1 

4 

2 

0-003 89 

L.B. 

0-014 99 

14-07 

0-405 

6 Li 

6 

3 

0-016 70 

G. 

0-011 40 

10-70 

0-404 

7 Li 

7 

3 

0-018 18 

L.B. 

0-013 86 

13-01 

0-332 

8 Be 

8 

4 

0-007 80 

G. 

0-014 99 

14-06 

0-410 

9 Be 

9 

4 

0-015 16 

L.B. 

0-015 38 

14-43 

0-399 

10 Be 

10 

4 

0-016 31 

L.B. 

0-017 31 

16-24 

0-355 

io B 

10 

5 

0-016 10 

G. 

0-013 73 

12-88 

0-559 

"B 

11 

5 

0-012 80 

G. 

0-016 15 

15-16 

0-475 

12 C 

12 

6 

0-003 98 

L.B. 

0-016 26 

15-26 

0-566 

13 C 

13 

6 

0-007 61 

L.B. 

0-016 74 

15-71 

0-550 

U N 

14 

7 

0-007 50 

L.B. 

0-015 86 

14-88 

0-677 

15 N 

15 

7 

0-004 89 

L.B. 

0-017 49 

16-41 

0-614 

16Q 

16 

8 

0-00000 

— 

0-016 92 

15-88 

0-725 

17Q 

17 

8 

0-004 60 

G. 

0-017 46 

16-38 

0-703 

18Q 

18 

8 

0-003 69 

L.B. 

0-018 68 

17-52 

0-657 

1»F 

19 

9 

0-004 52 

L.B. 

0-017 41 

16-33 

0-793 

20 Ne 

20 

10 

1-998 81 

L.B. 

0-017 04 

15-99 

0-901 

21 Ne 

21 

10 

1-999 68 

L.B. 

0-017 84 

16-74 

0-860 

22 Ne 

22 

10 

1-998 64 

L.B. 

0-018 83 

17-16 

0-815 

27 A1 

27 

13 

1-990 90 

G. 

0-018 30 

17-17 

1-09 

23 Si 

28 

14 

1-986 80 

L.B. 

0-017 74 

16-65 

M2 

29 Si 

29 

14 

1-986 60 

L.B. 

0-018 51 

17-37 

1-16 

Sip 

31 

15 

1-984 10 

L.B. 

0-018 57 

17-42 

1-24 

32 S 

32 

16 

1-982 30 

L.B. 

0-018 02 

16-91 

1-36 

35 C1 

35 

17 

1-981 30 

L.B. 

0-018 53 

17-39 

1-41 

37 C1 

37 

17 

1-978 80 

L.B. 

0-019 72 

18-50 

1-32 

36 A 

36 

18 

1-97800 

L.B. 

0-018 15 

17-03 

1-52 

40 A 

40 

18 

1-975 04 

L.B. 

0-020 26 

19-01 

1-36 

43 Si 

45 

21 

1-96800 

G. 

0-019 70 

18-48 

1-64 

52 Cr 

52 

24 

1-94800 

G. 

0-020 13 

18-89 

1-83 

88 Ni 

58 

28 

1-942 00 

G. 

0-019 61 

18-40 

2-19 

64 Zu 

64 

30 

1-937 00 

G. 

0-020 89 

18-94 

2-28 

75 As 

75 

33 

1-93400 

G. 

0-021 32 

20-00 

2-38 

78 Se 

78 

34 

1-93800 

G. 

0-021 33 

20-02 

2-45 

80 Se 

80 

34 

1-94100 

G. 

0-021 77 

20-42 

2-40 

79 Br 

79 

35 

1-92900 

G. 

0021 22 

19-90 

2-53 

81 Br 

81 

35 

1-92600 

G. 

0-021 81 

20-46 

2-46 

78 Kr 

78 

36 

1-92600 

G. 

0-020 44 

19-18 

2-70 

80 Kr 

80 

36 

1-926 00 

G. 

0-020 93 

19-64 

2-64 

82 Kr 

82 

36 

1-927 00 

G. 

0-021 40 

20-07 

2-58 

83 Kr 

83 

36 

1-927 00 

G. 

0-021 64 

20-30 

2-55 

84 Kr 

84 

36 

1-928 00 

G. 

0-021 86 

20-51 

2-53 

86 Kr 

86 

36 

1-929 00 

G. 

0-022 33 

20-95 

2-47 

93 Nb 

93 

41 

1-92600 

G. 

0-021 09 

19-79 

2-98 

io°Mo 

100 

42 

1-94500 

G. 

0-021 60 

20-26 

2-98 

403 Rh 

103 

45 

1-92000 

G. 

0-021 24 

19-93 

3-25 
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Nucleus 

A 

Z 

M-A 

Authors 

k 

Q in 
millions 
of volts 

10 — 13 

120 Sn 

120 

50 

1-91200 

G. 

0-022 21 

20-84 

3-45 

127J 

127 

53 

1-932 00 

G. 

0-021 64 

20-30 

3-76 

134 Xe 

134 

54 

1-92900 

G. 

0-022 49 

21-10 

3-68 

133 Cs 

133 

55 

1-93300 

G. 

0-021 83 

20-48 

3-87 

138 Bu 

138 

56 

1-91600 

G. 

0-022 52 

21-13 

3-82 

181 Ta 

181 

73 

1-928 00 

G. 

0-022 15 

20-78 

5-06 

187 Re 

187 

75 

1-98100 

G. 

0-021 54 

20-21 

5-34 

190 Os 

190 

76 

1-98000 

G. 

0-021 61 

20-28 

5-40 

192 0s 

192 

76 

1-98000 

G. 

0-021 85 

20-50 

5-34 

200 Hg 

200 

80 

0-01600 

G. 

0-021 15 

19-85 

5-80 

203pi 

203 

81 

0037 00 

G. 

0-020 95 

19-66 

5-93 

205 T1 

205 

81 

0-037 00 

G. 

0-021 17 

19-86 

5-87 


The data extend from Z=1 to Z=8l for 61 different nuclei of 37 
different elements. The value of <j> in millions of volts is calculated from 
the formula 

m«cH- 

<f>= X 10 _ 14 million volts, (25) 

and the effective radius r 0 from the equation 


Ze 2 

m 0 c 2 k 


(26) 


with the following data quoted by Taylor and Glasstone < 12) : — 
m 0 = 1*6725 xl0 -24 gm., c=2-9978 xl0 10 cm. sec. -1 , 


e=4*8025 xlO -10 abs. e.s.u. 


The abbreviations L.B. stand for Livingston and Bethe, and G. for 
Gamow. With regard to the last element in the table, thallium, two 
isotopes are included in the data, namely £03 TZ and 205 TZ, and their 
effective radii are 5-93 XlO -13 cm. and 5*87 x 10 -13 cm. respectively. 
The atomic number of thallium being 81, it is possible to compare our 
results with the results obtained by G. Gamow < 1S > in his theory of 
a-disintegration, which gives a satisfactory explanation of the Geiger- 
Nuttall relation between the range and the decay constant of a-radiators. 
Gamow obtains three values for nuclei of atomic number 81, namely 
r 0 = 5*7 XlO -13 cm., r 0 =6-0 xlO -13 cm. and r 0 =6-3 XlO 13 cm., which are 
seen to be in rather striking agreement with our results. 

In the diagram Ic is plotted against Z. The points with small circles 
round them correspond to the lowest or “ ground ” potential levels for 
each element as given by the available data. Other values, corresponding 
to different isotopes of the same element, are represented by small dots. 
The different levels for the same element are joined by a line parallel to 
the axis of k. The curve is drawn to represent the change in “ ground ” 
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values of k with Z. It may prove possible with fuller data to draw a 
series of curves through the higher potential values, but owing to the 
insufficiency of the present data, this could not be done with any degree 
of certainty. In fact, some of the values which, being the lowest for 
each element, are now assumed to be “ ground ” levels may prove to be 
otherwise. The data are, however, just enough to indicate, unmistakably, 
the general trend of the curve, which is seen to rise steeply at first, then 
more gradually, reaching a value corresponding to about 20 million volts 
at Z=81. 



§ 7. Nuclear Potential Uniquely Determined by Mass Deficiency. 

It should be remarked that our determination of the nuclear potential 
is independent of the components of which the nucleus is conceived to be 
built up, provided all charged particles are massive particles. For 
instance, if the oxygen nucleus 16 0 is considered to be built up of four 
a-particles instead of eight protons and eight neutrons, the value of rj> 
and the mass of the nucleus are unaffected, since we must take into 
consideration the diminution in mass of each a-particle arising from its 
presence in a field of a higher potential than its own nuclear field. If 
k 0 is the value of k for 16 0 and for 4 He, the following equation which 
expresses the building up of 16 0 from four 4 He nuclei, namely 
r 9 xl'OOfin “l 

16-00000=4 X 4-00389 ^ (fc 0 -fc) tt j , . . (27) 

is seen to be satisfied if we substitute the values given in the table, namely 
A' 0 = -01692 and fc a =-01499. The same is true for neutrons or other 
massive components. Thus the nuclear potential is uniquely determined 
by its mass deficiency, in contrast with certain current theories which 
make the so-called “ binding energy ” of the nucleus dependent on the 
proportion of protons, a-particles, etc. of which it is conceived to be 
built up. 
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§ 8. Non-massive Particles. 

For non-massive particles the position is different. If p 0 is the free 
rest mass of an electron, then — 2 is large compared with p 0 for nuclear 

fields. For a field of 20 million volts -^5 is equal to about 40. If ^r 
Po c e<f> 

is treated as a small quantity, equation ( 21 ) now gives to the first order 



so that the mass p of the electron becomes proportional to the potential of 
the field. For a positron the mass is diminished, being divided by . 

p 0 C 

Thus the mass of a positron in a field of 20 million volts is equal to about 
one-eightieth part of its free rest mass. A positron would accordingly 
dwindle, so to speak, to a very small mass in the neighbourhood of nuclei. 
This may be related to the observed short-livedness of the positron. 
Equation (28) is in one respect quite remarkable. The mass of an electron 
in a strong field seems to be quite independent of its free mass. Of 
course, this is only a first approximation, but it is nevertheless note- 
worthy. The mass of the electron appears to be completely “ dissolved ” 
in the field. The ejection of an electron from a nucleus becomes 
therefore more of the nature of an emission of field energy than an ejection 
of a particle. This is in agreement with the observed facts of 
^-disintegration. 

Summary. 

A new metric of space-time is introduced in the theory of relativity 
which is a generalized form of the Riemannian metric. The world-line 
of a charged particle is shown to be a geodesic, and the equations of 
motion of the particle are obtained. The metric gives the mass of a 
particle as a function of its potential energy. The mass deficiency of 
nuclei is thus explained as arising from the presence of their charged 
components in the nuclear field. The potential of nuclear fields is 
determined from exact mass measurements for 37 different elements. 
Calculations of effective radii agree with results obtained by Gamow from 
radioactive data. The mass of an electron in a nuclear field indicates 
that ^-disintegration is more akin to emission of field energy than to 
particle ejection. The mass of a positron becomes very small in the 
neighbourhood of nuclei. A curve is drawn from the data to represent 
the growth of potential with atomic number Z, reaching a value of about 
20 mi llion volts at Z=81. 
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LXXXVII. Waves in Deep Water due to a concentrated Surface Pressure. 

By George Green, Lecturer in Physics in Glasgow University*. 

[Received September l, 1947.] 

The problems of determining the wave-systems arising from the 
application of a stationary periodic, or moving surface pressure, might 
be regarded as fundamental problems of Hydrodynamics, in view of 
their relation to the important problem of Ship-Waves. Solutions of 
the problem of motion due to a stationary periodic surface pressure are 
given by Lamb in Edition 3 of ‘ Hydrodynamics, ’ pp. 375-7, and in his 
Presidential Address “ On Deep Water Waves ” to the London Mathe- 
matical Society, Nov. 10 (1904). Edition 6 of ‘ Hydrodynamics ’ does not 
include this problem, but it contains a full account of the related problem 
of the motion due to a moving surface pressure. The method employed 
to obtain a determinate result is the same in both cases, but these solutions 
are not in agreement one with the other. 

In Edition 6, p. 406, reference is given to “a different treatment of 
the latter problem by Lord Kelvin in ‘ Deep Water Ship Waves, ’ ” Proc. 
R.S.E. XXV. p. 562 (1905). In a still later paper, Proc. R.S.E. XXVI. 
p. 412 (L906), Lord Kelvin applied yet another different treatment to a 
group of cognate problems involving surface pressure, but the group did 
not include the case of a concentrated pressure which is that dealt with 
by Lamb. Some years ago the present writer had occasion to use 
Professor Lamb’s result for the case of the stationary periodic pressure 
in connection with a practical problem, and found difficulty with it. 
He has thus been led to work out the solution of both problems referred 
to above by the method used in Lord Kelvin’s last “ Waves " paper, 
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